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Abstract
In this paper, we studied the variation of temperature distribution, eﬃciency and eﬀectiveness of porous ﬁn for diﬀerent fractional
order α, porous parameter ξ and convection parameter δ by using Adomian Decomposition Sumudu Transform Method (ADSTM).
Here the geometry considered is that rectangular porous ﬁn and the passage velocity in heat transfer through porous media is
simulated by using Darcy’s model.
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1. Introduction
Fins are extensively used to improve the rate of heat dissipation from a hot surface especially in thermal engineering
applications [1]. There are many applications of heat transfer in porous media in thermal engineering problems such
as heat exchangers, reactor cooling and solar collectors [2]. Kiwan and Al-Nimr [3] introduced the concept of porous
ﬁn and then considered the formulation of Darcy’s model [4] in heat transfer in porous ﬁn. Several attempts have been
made so far for accurate understanding of heat transfer in extended surfaces made of porous materials. Saedodin and
Sadeghi [5] used fourth order Runge–Kutta method to analyzed at transfer in a cylindrical porous ﬁn and concluded
that the heat dissipation rate from a porous ﬁn is greater than that of a solid ﬁn. Similarly, Cuce and Cuce [6] studied
the eﬃciency and eﬀectiveness assessment of longitudinal porous ﬁns by using Homotopy perturbation method.
The fractional calculus has gained signiﬁcant importance over the last few decades mainly due to its useful appli-
cations in diverse ﬁelds of science and engineering [7]. In this paper, Adomian Decomposition Sumudu Transform
Method has been applied to ﬁnd the analytical solution of fractional order nonlinear energy balance equation.
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2. Problem Description
Here, in this study, a rectangular porous ﬁn proﬁle has been considered having cross section area as constant
which is mentioned in Fig. 1. The dimensions of the ﬁn are represented by length L, width W and thickness t. The
consideration of porous nature enables the ﬂow of inﬁltration through the ﬁn.
Assume the porous medium is isotropic, homogeneous and saturated with single-phase ﬂuid. The ﬁn temperature
depends on distance x and temperature variation across the ﬁn thickness has been neglected. Both solid matrix and
ﬂuid are kept at local thermal equilibrium and the interactions between the porous medium and the clear ﬂuid is
simulated by Darcy’s formulation.
The Energy balance equation of rectangular porous ﬁn [6] is
qx − qx+dx = mcp(T (x) − T∞) + hA(T (x) − T∞) (1)
where q is the heat ﬂux, m is the mass ﬂow rate of the ﬂuid passing through the porous material, cp is the speciﬁc
heat capacity of the ﬂuid, h is the convective heat transfer coeﬃcient, A is the heat transfer surface area, T is the ﬁn
temperature and T∞ is the ambient temperature.
Fig. 1. Schematic diagram of the rectangular porous ﬁn.
The velocity of ﬂuid passing through the ﬁn at any point, can be determined from Darcy’s model [8] as:
V =
gkb (T − T∞)
v
(2)
where g is the gravitational acceleration, k is the thermal conductivity of the ﬂuid, b is the volumetric thermal expan-
sion coeﬃcient and v is the kinematic viscosity of the ﬂuid.
By introducing the dimensionless parameters:
θ =
T − T∞
Tb − T∞ , ζ =
x
L
, ξ =
DaRa
kr
(L
t
)2
and δ =
(
hp
ksA
) 1
2
(3)
The energy balance equation at steady state condition can be stated as [6]
d2θ
dζ2
− ξ(θ(ζ))2 − δ θ(ζ) = 0 (4)
where, ξ is a porous parameter that speciﬁes the buoyancy eﬀect as well as the eﬀect of permeability of the porous
medium and δ is a convection parameter that speciﬁes the convection eﬀect of the porous ﬁn. As the ﬁn tip is insulated,
no heat transfer occurs at the insulated tip, and hence the boundary conditions of the governing diﬀerential equation
are as follows:
θ(ζ = 1) = 1,
dθ
dζ
∣∣∣∣∣
ζ=0
= 0 (5)
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3. Formulation for Adomian Decomposition Sumudu Transform Method (ADSTM)
To illustrate the basic idea of this method, we consider a general fractional nonlinear nonhomogeneous diﬀerential
equation as,
Dαθ(ζ) + Rθ(ζ) + Nθ(ζ) = g(ζ) (6)
with initial condition θ(0) = θ0.
where Dαζ is the Caputo fractional derivative Operator, R represents the reminder operator, N represents the nonlinear
operator, and g(ζ) is the source term.
Taking Sumudu Transform on both sides of Eq. (6), it gives
S [Dαζ θ(ζ)] + S [Rθ(ζ)] + S [Nθ(ζ)] = S [g(ζ)] (7)
Using the property of Sumudu Transform of Caputo fractional derivatives [9], we get
S [θ(ζ)] = θ(0) + uαS [g(ζ)] − uαS [Rθ(ζ) + Nθ(ζ)] (8)
Taking inverse sumudu transform [10] of Eq. (8), gives
θ(ζ) = G(ζ) − S −1 [uαS [Rθ(ζ) + Nθ(ζ)]] (9)
where G(ζ) = S −1
[
θ(0) + uαS
[
g(ζ)
]]
represents the term that arises from the given initial conditions.
The approximate solution of Eq. (9) can be written of the form,
θ(ζ) =
∞∑
n=0
λnθn(ζ) (10)
and the nonlinear terms present in Eq. (9) can be expressed as a sum of Adomian Polynomials [11]
Nθ(ζ) =
∞∑
n=0
λnAn(θ) (11)
Where the Adomian polynomials An(θ) be deﬁned as
An(θ0, θ1, θ2, ..., θn) =
1
n!
∂n
∂λn
⎡⎢⎢⎢⎢⎢⎣N
⎛⎜⎜⎜⎜⎜⎝
∞∑
i=0
λiθi
⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦
λ=0
, f or n = 0, 1, 2, ... (12)
On substituting Eqs. (10) and (11) in Eq. (9), it obtain
∞∑
n=0
λnθn(ζ) = G(ζ) − λ
⎡⎢⎢⎢⎢⎢⎣S −1
⎡⎢⎢⎢⎢⎢⎣uαS
⎡⎢⎢⎢⎢⎢⎣R
∞∑
n=0
λnθn(ζ) +
∞∑
n=0
λnAn(θ)
⎤⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎦ (13)
which is a combination of Sumudu Transform and Adomian Decomposition Method.
On comparing the coeﬃcients of various power of λ, a recurrence relation for θ0, θ1, θ2, ..., can be obtained which
gives the resulted approximate solution
∑m
k=0 θk(ζ) that converges to the exact solution θ(ζ) as m→ ∞.
4. Solution for porous ﬁn by using ADSTM
To understand the anomalous behavior of this system we fractionalize the energy balance Eq. (4) into fractional
order (α > 0) in order to ﬁnd the ﬁn temperature in rectangular porous ﬁns as,
dαθ
dζα
− ξ(θ(ζ))2 − δ θ(ζ) = 0, where 1 < α ≤ 2 and 0 ≤ ζ ≤ 1 (14)
having boundary conditions dθdζ
∣∣∣∣
ζ=0
= 0 and θ|ζ=1 = 1.
Taking Sumudu Transform on both sides of Eq. (14), it gives
S
[
θ(ζ)
]
= K + S −1
[
uαS
[
ξ(θ(ζ))2 + δ θ(ζ)
]]
(15)
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By applying Adomian Decomposition Method, it obtains the following equation
∞∑
n=0
λnθn(ζ) = K + λ
⎡⎢⎢⎢⎢⎢⎣S −1
⎡⎢⎢⎢⎢⎢⎣uαS
⎡⎢⎢⎢⎢⎢⎣
∞∑
n=0
λn
[
ξAn(θ)
]
+
∞∑
n=0
λn
[
δ2θ0(ζ)
]⎤⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎦
⎤⎥⎥⎥⎥⎥⎦ (16)
where An(θ) represents Adomian’s polynomial for the nonlinear terms and it can be obtain by using Eq. (12).
The approximate solution of Eq. (14) up to ﬁve term can be written as
θ(ζ) = θ0(ζ) + θ1(ζ) + θ2(ζ) + θ3(ζ) + θ4(ζ) + ...
= K +
(
K2ξ + δ2K
) ζα
Γ(α + 1)
+
(
K4ξ3 + 2K3δ2ξ2 + K2δ4ξ
) Γ(2α + 1)ζ3α
(Γ(α + 1))2 Γ(3α + 1)
+
(
2K3ξ2 + 3K2δ2ξ + Kδ4
) ζ2α
Γ(2α + 1)
+
(
4K4ξ3 + 8K3δ2ξ2 + 5K2δ4ξ + Kδ6
) ζ3α
Γ(3α + 1)
+
(
4K5ξ4 + 10K4δ2ξ3 + 8K3δ4ξ2 + 2K2δ6ξ
) Γ(3α + 1)ζ4α
Γ(α + 1)Γ(2α + 1)Γ(4α + 1)
+
(
2K5ξ4 + 4K4δ2ξ3 + 4K3δ4ξ2 + K4δ2 + K2δ6ξ
) Γ(2α + 1)ζ3α
(Γ(α + 1))2Γ(4α + 1)
+
(
8K5ξ4 + 20K4δ2ξ3 + 18K3δ4ξ2 + 7K2δ6 + 7K4δ6ξ
) Γ(2α + 1)ζ3α
(Γ(α + 1))2Γ(4α + 1)
+ · · · (17)
Which represents an expression for temperature distribution of porous ﬁn, where the ﬁn tip temperature K can be
determined at θ = 1 for ζ = 1, and it must be lies within the interval [0, 1].
5. Results and Discussion
5.1. Temperature Distribution
In this section, results obtained fromAdomian Decomposition Sumudu TransformMethod (ADSTM) are presented
for the classical and fractional order values α in detail. Accuracy of the proposed method has been tested for the case
of constant porous parameter (ξ = 1) and classical order solution as shown in Fig. 2, which shows good agreement
with Homotopy Perturbation Method (HPM) solution as obtained by [6].
Fig. 2. Comparison of dimensionless temperature distribution along the length of porous ﬁn for diﬀerent values of convection parameter and
classical order α.
Fig. 3(a)–(c), shows the variation of temperature distribution within porous ﬁn with distance (ζ), for diﬀerent
values of convection parameter δ and fractional value α keeping the porous parameter constant (ξ= 1). Further, the
nature of the graphs depicts that considered value of α represents the point of convergence under the given range of
interval between 1 and 2.
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(a) (b) (c)
Fig. 3. Temperature distribution in the ﬁn with temperature dependent internal heat generation and constant thermal conductivity for N = 0.5 and
for fractional values (a) α = 1.75 (b) α = 1.5 and (c) α = 1.25.
The variation of temperature distribution for diﬀerent values of porous parameter ξ and fractional value α keeping
the convection parameter constant (δ= 1) has been depicted in Fig. 4 (a)–(d). It can be observed that as porous and
convection parameter increases there is a decrease in temperature of porous ﬁn and the ﬁn temperature quickly reaches
the surrounding temperature.
(a) (b) (c) (d)
Fig. 4. Temperature distribution along the length of porous ﬁn for diﬀerent values of porous parameter and fractional values (a) α = 2 (b) α = 1.75
(c) α = 1.5 (d) α = 1.25
5.2. Fin eﬃciency
Fin eﬃciency of an extended surface is given by [1]:
η =
Qp
Qq
(18)
where Qp is the heat transfer rate and Qq is the maximum heat transfer rate which can be achieved from the extended
surface. The heat dissipation from the ﬁn can be calculated by using Newton’s law of cooling:
Qp =
∫ L
0
hk(T (x) − T∞)dx (19)
where k is the ﬁn perimeter. The maximum heat transfer rate can be calculated as follows:
Qq = hkL(Tb − T∞) (20)
where Tb be the temperature at the ﬁn base which is remaining same throughout the ﬁn.
Now Substituting Eq. (19) and Eq. (20) in Eq. (18), we get:
η =
∫ L
0 hk(T (x) − T∞)dx
hkL(Tb − T∞) =
∫ 1
ζ=0
θ(ζ)dζ (21)
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The eﬃciency of porous ﬁn for diﬀerent values of porous and convection parameter and for diﬀerent α’s values has
been depicted in Fig. 5 (a)–(d). It is noted that the ﬁn eﬃciency considerably reduces with increasing porous and
convection parameter. This ﬁnding can be attributed to the lower ﬁn temperatures due to the higher cooling inﬂuence
of δ and ξ at greater values.
(a) (b)
(c) (d)
Fig. 5. Eﬃciency of porous ﬁn for distinct porous parameter, convection parameter and fractional values (a) α = 2 (b) α = 1.75 (c) α = 1.5 (d)
α = 1.25
5.3. Fin eﬀectiveness
The Fin eﬀectiveness of an extended surface can be determined by [1]:
ω =
Qp
Qpb
(22)
where Qpb corresponds to the heat loss from the ﬁn base and is given by:
Qpb =
hkL(Tb − T∞)
2
(23)
Here it is assumed that the width of the ﬁn (W) be greater than the ﬁn thickness (t).
Eqs. (19) and (23) together with Eq. (22) gives:
ω =
∫ L
0 2hk(T (x) − T∞)dx
hkt(Tb − T∞) =
∫ 1
ζ=0
ψθ(ζ)dζ (24)
where ψ = 2Lt .
As it is clear in Fig. 6 (a) –(d) that the ﬁn eﬀectiveness decreases with increasing convection parameter where as it
increases with increasing values of ﬁn length/ﬁn thickness ratio.
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(a) (b)
(c) (d)
Fig. 6. Eﬀectiveness of porous ﬁn for distinct convection parameter, ﬁn length/ﬁn thickness ratio and fractional values (a) α = 2 (b) α = 1.75 (c)
α = 1.5 (d) α = 1.25
6. Conclusion
In this study, ADSTM has been used to evaluate temperature distribution, ﬁn eﬃciency and ﬁn eﬀectiveness along
the length of porous ﬁn as a function of porous and convection parameter. ADSTM is a perturbation based iterative
technique which is an eﬀective method for the solution of nonlinear fractional diﬀerential equations. The thermal
analysis has been performed on a ﬁnite-length ﬁn with insulated tip which shows the eﬀect of parameters on temper-
ature distribution, ﬁns eﬃciency and ﬁn eﬀectiveness for diﬀerent fractional value’s α using Eqs. (17), (21) and (24).
Finally, the comparison of ADSTM with HPM as shown in Fig. 2 reveals that it is enough to come to a conclusion
about the eﬃciency of the method.
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